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ABSTRACT 
We study generalized ‘probabilistic measures’ taking values in non-Archimedean fields (in parti- 
cular, fields of padic numbers). We prove the theorem on the existence of probability on a product 
of non-Archimedean probabilistic spaces. 
1. INTRODUCTION 
One of the main motivations of the modern development of the theory of 
measures with values in non-Archimedean fields is the development of so called 
p-adic probability theory, see [Z+[lO]. This is non-Kolmogorovean model in 
that probabilities take values in fields of p-adic numbers (that give the most 
important examples of non-Archimedean fields). This model appears to pro- 
vide the probabilistic interpretation of padic valued wave functions and string 
amplitudes in the framework ofp-adic theoretical physics, see e.g. [18, 191, [13], 
Pkvol~ VI. 
The first p-adic probabilistic model was the frequency one: probabilities were 
defined as limits of relative frequencies in p-adic topologies, see [6] and [5] (a 
generalization of von Mises approach). Then we developed measure-theoretical 
models, see [5] and [S]. Here we can proceed quite deeply in the main directions 
of conventional probability theory. In particular, various limits theorems for p 
adic valued probabilities were proved in [lo]. We also developed the theory of 
recursive p-adic tests for randomness, see [lo]. 
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The next natural step is the development of the theory of stochastic processes 
with values in p-adic and more general non-Archimedean fields having (non- 
Kolmogorov) probability distributions with non-Archimedean values. To do 
this we have to study measures on products of non-Archimedean probabilistic 
spaces. In this paper we prove that a cylindric probability distribution on the 
product of non-Archimedean probabilistic spaces can be extended to the non- 
Archimedean probability measure. 
This is the starting point to get a non-Archimedean analogue of Kolmogor- 
ov’s theorem and to construct a non-Archimedean stochastic process by using 
a system of finite dimensional distributions. We plan to proceed in this direc- 
tion in one of our further papers. 
From the mathematical point of view such an investigation is just an in- 
vestigation in the theory of measures that take values in non-Archimedean 
fields. Here we use the integration theory developed by A. van Rooje, see [15] 
(see also Schikhof’s book [17] on foundations of measure theory in the non- 
Archimedean case), see also [ll, 12, 21 for modern developments in this direc- 
tion. 
In fact, non-Archimedean integration theory is very deeply connected with 
topology (in the opposite to the ordinary Lebesgue integration theory, but 
compare with [3]). Therefore, our paper is guite topological by its nature.. 
This investigation is continuation of investigations tarted in the note [9]. 
2. P-ADIC PROBABILITY MEASURES 
Let X be a set and R be a covering ring of X such that elements of R are subsets 
of X. Consider a field K with a nontrivial non-Archimedean valuation such that 
K 2 QP. Suppose that K is complete. 
We recall some notions from the theory of K-valued measures, see [15] for the 
details. 
2.1. Definition. Suppose that S is a subfamily of ‘R such thatfor each A and B in S 
there exists C E S with C c A f~ B, then S is called shrinking. For a function 
f : ‘R + K or f : 72 + R the notation 1imA E s f (A) = 0 means that for each 6 > 0 
there exists B E S such that 1 f(A) 1 5 c for each A E S with A c B. 
2.2. Definition. A mapping ,LL : R -+ K is called a measure ifit satisjies the fol- 
lowing conditions: 
(9 P(A U B) = P(A) + p(B)f or each A and B in R such that A n B = 0, 
(ii) for each A E R its p-norm IIAllP := sup{lp(B)I : B E R, B C A} < cc is 
bounded; 
(iii) if S c 72 is shrinking and nS := nsEs = 0, then 1imA E~ p(A) = 0. 
2.3. Note. These conditions are called respectively additivity, boundedness 
and continuity. Condition (iii) is equivalent to limA,s /lAllL, = 0 for each 
shrinking subfamily S in R with nS = 0. 
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2.4. Definition. see [S] and [S]. A measure p : R + K is called a probability 
measure if,u(X) = 1 and IjXIIP =: lIpI = 1. 
2.5. Remarks. For functions f : X + K and 4 : X + [O,oo) put Ilfl14 := 
suP*EX Ifb)Mx). c onsider the following function: 
(1) w-4 := “:xp~ERIlqI 
for each x E X. Put Ilfll, := IlfllN,. Then for each A c X the function 
IIAllp := SUPXE.4 N,(x) is defined such that its restriction on R coincides with 
that of given by Equation 2.2.(ii) (see also Chapter 7 [15]). A R-step functionf 
is a function f : X --) K such that it is a finite linear combination over K of 
characteristic functions Chu of U E R. A function f is called p-integrable if 
there exists a sequence {fn : n E N} of step functions such that 
lim,,, IIf -fnllN, = 0. The Banach space of p-integrable functions is denoted 
by L(p) := L(X, R, p, K). We denote by the symbol R, the ring of subsets A in 
X for which ChA E L(p). The ring R, is the extension of the ring ‘R such that 
R, 3 R. 
For example, if K is locally compact, then the valuation group 
r~ := { 1x1 : .x E K, x # 0) is discrete in (0, m) c R. If p is a measure such that 
0 < )lpjl < DZJ, then there exists a E K such that Ial = Ilpll-‘, since II,uII E r~ for 
discrete TK. Hence, up is also the measure with ~~~~~ = 1. If llpll = 1, then p is 
the nonzero measure. For such ,LL with ,u(X) =: bx E K if bx # 1 we can take 
new set Y and define on X0 := Y U X a minimal ring Ro generated by ‘R and 
{Y}, that is, Ro n Y = (0, {Y}} and Ro = RU { Y}. Since ~~~~~ = 1, then 
lbxl < 1. Put p( Y) := 1 - bx, then there exists the extension of I-1 from R on Ro 
such that llpll = 1 and I = 1, since 11 - 6x1 < max(1, Ibxl) = 1. In parti- 
cular, we can take a singleton Y = {y}. Therefore, probability measures are 
rather naturally related with nonzero bounded measures. This also shows that 
from llpll = 1 in general does not follow p(X) = 1. Evidently, from p(X) = 1 in 
general does not follow l/p/l = 1, for example, X = (0, l}, R = (0, {0}, {l}, X}, 
~(101) = 4 ~((11) = 1 - a, where Ial > 1, hence llpll = Ial > 1. Wide class of 
probability Q,,-valued measures was constructed in [5], [10],[8]. 
Consider a topological space X. A topological space is called zero-dimen- 
sional if it has a base of its topology consisting of clopen subsets. A topological 
space X is called a To-space if for each two distinct points x and y in X there 
exists an open subset U in X such that either x E U and y E X \ U or y E U and 
XEX\U. 
A covering ring R of a space X defines on it a base of zero-dimensional to- 
pology 7~ such that each element of R is considered as a clopen subset in X. If 
x : X + Y is a mapping such that X-I (Ry) c Rx, then a measure p on (X, Rx) 
induces a measure v := r(p) on (Y, RY) such that v(A) = p(~‘(A)) for each 
AERr. 
2.6. Proposition. Let (X, R, p) be a measure space. Then there exists a quotient 
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mapping T : X --+ Y on a Hausdorffzero-dimensional space ( Y, 7~) and x(p) := v 
is a measure on Y such that G = T(R), where ( Y, G, V) is the measure space. 
Proof. Suppose that (Y, 7~) is a To-space, where G is a covering ring of Y. For 
each two distinct points x and ,v in Y there exists a clopen subset U in Y such 
that either x E U and y E Y \ U or y E U and x E Y \ U, since the base of 
topology 7~ in Y consists of clopen subsets. On the other hand, Y \ U is also 
clopen, since U is clopen. Therefore, Y is the Hausdorff space. Clearly this im- 
plies that Y is the Tychonoff space (see $6.2 [4], but it is necessary to note that 
we consider the definition of the zero-dimensional space more general without 
TI -condition in $2.5). 
Now we construct a Tl-space Y, that is a quotient space of X. For this con- 
sider the relation in X: 
x~y if and only if for each S E R with x E S there is the inclusion {x,y} c S. 
Evidently, XXX, that is, K is reflexive. The relation xrcy means, that 
Y E K := f&ER S, where V, is closed in X. From y E Sit follows, that x E S, 
since otherwise y+?! V,, because R is a covering ring. Therefore, V, = VJ and 
y~x. Hence n is symmetric. Let x&y and y&z, then V, = Q = V_, consequently, 
XKZ and IF. is transitive. Therefore, K. is the equivalence relation. Let 
7r : X + Y := X/K be the quotient mapping and Y be supplied with the zero- 
dimensional topology generated by the covering ring G such that np1 (G) = R. 
ForeachxEAERwehaveV,cA.Then~-‘([y])=~~foreachyEX,where 
[y] := r(y). Hence, each point [y] E Y is closed. Thus Y is the Tl-space. The 
topology in Y is generated by the covering ring G. Consequently, Y is the 
Hausdorff space. 
If S is the shrinking family with zero intersection in Y such that S c 6, then 
K’(S) is also the shrinking family with zero intersection in X such that 
W’(S) c R. And lim A E ?r-~ (sI p(A) = 0 implies 1imA E~ V(A) = 0. Therefore, 
Condition (iii) from $2.2 is satisfied. Evidently, ]]v]] = ]]p]] and v is additive on 
G, hence I/ is the measure. 0 
2.7.1. Note. In view of Proposition 2.6 we consider henceforth Hausdorff zero- 
dimensional measurable (X, ‘R) spaces. 
Consider now a family of probability measure spaces {(Xi, Rj, pj) :j E A}, 
where n is a set. Suppose that each covering ring Rj is complete relative to the 
measure pji, that is, Rj = I?!,, where R, denotes the completion of Kj relative 
t0 pj. Let X := njtn , X- be the product of topological spaces supplied with the 
product (Tychonoff) topology TX, where each Xj is considered in its rR,-topol- 
ogy. There is the natural continuous projection rj : X + Xj for eachj E A. Let 
R be the ring of the form Uj, ,,,, j, E n,n E N n;= , T,T’ (Rj,). 
2.7.2. Definition. A triple (X, R, p) IS called a cylindrical distribution ifit satisfies 
the following condition. 
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fore~~hjl,...,j, E Aandn E N, where&(r,:‘(A)) :=,LL~(A)~oTcYzc~A E X?j;fijiS 
the measure on (X, 7r~‘(Rj)). 
2.8. Theorem. A cylindrical distribution I_L on (X,R) has an extension up to a 
probability measure p on (X, I?,@), where p and X are the same as in $2.7. 
Proof. For each j E A we have the ring I$. Let A and B be in n;= 1 T,:’ (‘I$,), 
where ji , .., j, E A and n E N. Then A = n;=, r,;’ (AI), where A/ E Rj, for each 
I = 1, . . . . n, analogously for B with B/ instead of A/. Such subsets A form the 
base of the topology 7~ such that rx 3 R. 
The space X in the topology 7~ is zero-dimensional, since the base R of 7~ 
consists of clopen subsets in X. It is necessary to verify that the triple (X, R, II) 
satisfies Conditions 2.2.(i - iii). In general 7~ and R may not coincide, but as it 
is shown below the usage of the inclusion 7,~ > R is sufficient for the proof. We 
remark that (Xi, x . . . X Xjn, Rj, X . . . X Ri,, /lj, X . . . x pjn) is the measure space 
for each ji , . . . . j, E A and n E N, consequently, I_L is additive on R. 
For each A of the outlined above form, we have 
I141,L = ,ij, M,~, 5 l. 
By definition n;=, IIA,ll,, < IIAllb. To obtain the inverse inequality, we just re- 
mark that, as ]]X~]]~,,, < 1, then by multiplying the product n;= 1 Al by some 
measurable set A,+,, i.e., by considering the set A’ = n;‘i 7r,~‘(Al), we shall 
not increase the valuation: Ip( 5 ],u(A)]. 
Such elements A in ‘R form the base of Tychonoff topology in X, conse- 
quently, ]]X]Ifi < 1. For each j E A we have pj(Xj) = 1, hence p(X) = 1 and 
]]X]Ifi = l.Th ere f ore, p satisfies Conditions 2.2.(i, ii). For each A E R, the norm 
]]A]lfi is well defined. 
Consider now the function N,(x) on (X, R), that is defined by the Formula 
2.5.(l). We note that, for each E > 0 and x E X, there exists U E R such that 
(1) II q - E < &(x) I II qL. 
We always may assume that U = fly= 1 xi;’ (Ul), where UI E Rj, for each 
I = 1, . . ..n. 
We have s~p,,~N,(x) 5 IIAllP. 1 n view of Lemma 7.2 [15] we have 
I1411p,i = sup.r, EA, N@,( Xj,). Thus there exists points xl E A/ such that 
ii I141p,, 5 ,ij, Np,i(xi,) + t /=I 
Let us consider some point x E X such that xj := nj(x). We choose for this 
point the set U such as in (1). By using the previous inequality we get 
,ii, llA4Q, 5 ,fj, IlQll/+ + 6 = lIUllp + E < Np(x) + 26 
Thus we proved that 
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(2) IM,L = y(x) 
for each A E R. 
Let S be a shrinking subfamily in R with n S = 0. For all A and B in S, there 
exists C E S such that C c A fl B. The ‘R is the ring. We consider finite inter- 
sections of finite families in S. There exists the minimal family SO generated by 
S such that SO c R, S c SO and SO is centered: A 17 B E SO for A and B in SO. 
Evidently, limA Ed ]lA]]P = 0 is equivalent to limA,s, IIAllfi = 0, since 
IIBIIp < IIAllp for each B c A. 
Further we shall consider S = SO. 
We remark that in view of Theorem 7.12 [15] for each E > 0 the set 
X,,, := {x : x E q,N@,(x) > E} is R,- compact. In view of the Tychonoff theo- 
rem (see 93.2.4 in [4]) nj, n Xj,t =: X, is the compact subset in X. 
Each element S E S is closed. The centered family S and the set X, has the 
empty intersection. In view of compactness of X, there exists a finite subfamily 
Sl, . . . . S,, in S such that 
x, c 1 fi s, =0. I=1 
By (2) we have 
Here we used that N,(x) < E for all x 6 X,. Really, for such an x, there existsj 
such that xj = rj(x) 6 Xj,,. Thus x E D = r,~‘(Xj \ Xj,,). SO 
N,(X) 5 lIDlIp = IlXj \ xi,cII, I 6. 
Thus we proved that limA,s IIAl],l = 0. This means that (X,R, p) is the 
measure space. 0 
This theorem gives the possibility to construct K-probability spaces for infinite 
sequences of independent equally distributed K-valued random variables. Such 
sequences (without the proof of existence) were used in limits theorems for K- 
valued random variables in particular case K = Qp - the field of p-adic num- 
bers, see e.g. [lo]. 
Example. Let Xj = Z, and pj = dx for all j. Here Z, is the ring of p-adic in- 
tegers and dx the Q,-valued Haar measure on the algebra of clopen subsets of 
Z, and p # q. By our theorem the product measure is well defined on the space 
x = z, x ,.. x z, x .*. 
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